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ABSTRACT. The classical imbedding theorem in dimension theory

gives a nice topological characterization of separable metric spaces of

finite covering dimension. The longstanding problem of obtaining an anal-

ogous theorem for the nonseparable case is solved.

1. Introduction. Approximately one decade after the beginnings of the

dimension theory for metric spaces, G. Nobeling [6] proved the classical im-

bedding theorem for separable metric spaces (Theorem 1). Until today, near-

ly one-half century after the classical theorem, the problem of obtaining an

analogous result for the nonseparable case has remained unsolved. Theorem

2 is a solution to this problem.

In 1963, J. Nagata [4] invented a general imbedding theorem for finite-

dimensional metric spaces. However, the statement of Nagata's theorem in-

volves finite-dimensional subspaces of zn/zm/e-dimensional spaces. In con-

trast, the classical theorem, as well as the new theorem presented here, con-

cerns only subspaces of /z'nz're-dimensional spaces. Thus, the new theorem

shows that it is not necessary to consider infinite-dimensional spaces for

the imbedding problem of finite-dimensional metric spaces. (See Nagata's

survey paper [3j for quite a good discussion of the problem.)

The analogy of the classical imbedding theorem and Lipscomb's imbed-

ding theorem goes as follows: For each infinite cardinal t a one-dimensional

metric space J{t) is constructed which contains rational and irrational points.

On the surface, the statements of the two theorems show a general resemblance

in that Jv) and the unit interval play similar roles. More deeply, the space

j{r) is defined by generalizing a well-known construction of the unit interval

(identifying  adjacent end points in the Cantor space). Also, the definitions of
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rational and irrational points, when phrased in topological terms, remain in-

variant when we pass to the general case.

In the following we let / "+ denote the topological product of -2n + 1

homeomorphic copies of the unit interval. Likewise, we let /(r)" + be the

product of n + 1 copies of the space ]v).

Theorem 1. A metric space of weight r= X    is of dimension < n if,

and only if, it can be imbedded in the set of points of /2n+1 which have at

most n rational coordinates.

Theorem 2. A metric space of weight  r> H    is of dimension < n if, and

only if, it can be imbedded in the set of points of ]{r)"+    which have at most

n rational coordinates.

2. Definitions and well-known theorems.  All spaces considered are met-

ric and all maps considered are continuous. The dimension is the covering

dimension denoted dim (see [5]). The cardinality of a set A will be denot-

ed N(A). For an open set W we let B(W) = cl(W)- VI, where cl is the clo-

sure operator. For an open collection  ™ we let

Bdry 8=UW0I WeK|.

If ™ is a collection of subsets of X we will let

Ucl[Sl = Uicl(W)|We5S!.

If S is a collection of subsets of a metric space (X, d), then mesh (52) =

supldia(W)|W £ 8|, where

dia(W) = sup \d{x, y) \ x, y £ W\.

A locally finite open collection II is a decomposition of X if U is a

collection of pairwise disjoint open sets such that cl [U] = ici {U)\ U eUj is

a cover of X.

A map p: Y —' Z is called perfect ii it is a continuous closed surjection

and each fiber p~ (z), z e Z, is compact.

We will consider Baire's zero-dimensional space N(A), where A is an in-

finite set. It is important to us that N(A) is topologically the countable prod-

uct of discrete spaces A.  Basic open sets in N(A) of the form

ia1!lT---riían!niA.|z>«!,

where  a{ £ A¿, will be denoted by the ordered w-tuple  (a.j,.... a  ).
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Theorem 3. Let f: Y —» X be a continuous onto quotient map and p: Y

—• Z be continuous. Assume that pf~ is single valued (that is, p is con-

stant on each fiber f~l(x)). Then pf~ : X —> Z is continuous. Also, pf~l

is a closed map if and only if p(U) is closed whenever U is a closed (-in-

verse set (U = /" Xf(U)).

3. Constructions analogous to the separable case. If we identify adja-

cent end points in the Cantor space, then we obtain something homeomorphic

to the unit interval. By applying this type of topological construction to the

space N(A) we obtain the space /(r). This is the content of the following

definitions.

Let a, ß € N(A). Then aRß whenever a = ß or if a 4 ß, then there

exists a natural number ; such that for all k < j, a, = ß. and both condi-

tions (i) and (ii) hold: (i) a. m ß.      fot all s > 1; (ii) ß. - a.  . for all s >
1 1 Ts 1 1 +J ~*

1. In this case ; is unique and is called the tail index of a and  fi. It is

easy to show that R is an equivalence relation with the property that any

R-induced equivalence class contains at most two members. Let j(r), r =

NÍA), be the set of R-equivalence classes with the quotient topology induced

by the natural map p: N(A) —» J(r). The rational points of ](r) ate those

equivalence classes which are doubleton sets and the irrational points of

](r) ate those that are singleton sets.

Proofs of the following two theorems can be found in [l].

Theorem 4.  The natural map p: N(A) —» J(r) is perfect.

Theorem 5. The space ](r) is a one-dimensional metric space of weight r.

A proof of the next theorem can be found in [2].

Theorem 6.  Ler n e Í0, 1, 2,«-.}. A metric space of weight r> NQ z's

.of dimension <n if it can be imbedded in the set of points in /(r)" +    which

have at most n rational coordinates.

4. Decompositions of finite-dimensional spaces. The solution to the

problem of imbedding an zz-dimensional metric space in /(r)"+ , n > 0, is

based on the construction of decompositions S... j > 1 and  1 < / <» + 1,

which have the properties stated in Theorem 7. In this theorem we have used

the fact that every metric space is perfectly normal, i.e., every closed sub-

set is a countable intersection of open sets. Also, we use the notation

lord ™... This is explained as follows: Let E be the collection of locally

finite open collections in the space X.  For each x e X and each C e S
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such that x is in the closure of a member of C, we define lordx C as the

smallest k in {1, 2, • • • j for which it is true that there is an open set G

containing x such that G meets at most k members of C. We obtain a func-

tion lord and a dimension diml in the same way that the function ord and di-

mension dim are obtained from ordx. (Using a result in Ostrand's paper [7]

which says that the definition of dim can be based on locally finite open col-

lections instead of finite open collections, we can show that dim X = diml X

whenever X is a normal Hausdorff space.)

Theorem 7. Let n ejO, 1, 2,-" \.  Let X be an n-dimensional metric

space of infinite weight T = K(A).   Let ¡X.| 1 < / < n + 1} be a pairwise dis-

joint collection of zero-dimensional subsets of X such that X = \j\X .\ 1 <

j <n + lj.  For each closed subset F of X let ¡G¿(E)| z > 1} be a collection

of open sets such that F = I)!G.(E)| i > l!.   Then there exist decompositions

52    = I W(a)| a e A], i > 1 and 1 < j < n + 1, with the following properties:

For each i, z > 1,

(1)¿ lordffify<2 for l</<«+l;

(2). for each x £ X there is a j e |l,...,«+ l! and a set W in 32.. of

diameter less than  l/i which contains x and is contained in a member of

22, . for each k < i;

(3). if x £ Bdry 22¿., then there exist distinct members Wj, W2 £ 32..

such that x e B{Wj) n B{W2);

(4). for each j, 1 <j <n + 1, S.. covers X.;

(5)¿ for each k<i and 1 </'<« + 1, Bdry 35.. n Bdry 25^. = 0;

(6). if BiWjri B{W2)40 for distinct Wv W2 £ 8f., then either Wy is

a subset of a member of 35 for each k < i, or W2 is a subset of a member

of 25   ., for each k < z;

(7). for k < i and 1 </<« + 1, W e 32.. meets at most two members of

32^., and, for all but at most one of the k < i, there exists a member of 25 .

which contains W;

(8){ for k<i and 1 </'<«+ 1. if W v W\ £ 32fe/ are distinct and B{W ¡)

nB{W2) 4 0, then there is a W    £ 52.. such that

BiWj) n B{w2)c w3 C GiBiW^ n ß(w2));

(9). for k < i, W £ 32;. meets Bdry 52¿. only if there is a unique distinct

pair Wv W2 e52fey such that B{W J n B{W2) C W.

The proof of this theorem is presented at the end of §6.



IMBEDDING FINITE-DIMENSIONAL METRIC SPACES 147

5. Imbedding n-dimensional metric spaces in j(r)n*  . In this section we

outline the method that we use to imbed an w-dimensional metric space X

into /(r)n+1. The details and definitions are contained in the last section of

the paper.

The map pn + l: N(A)" + 1 —. ](r)n+l is defined to be the product map

which has the natural map p: N(A) — j(r) as each of its factor maps.

We use the decomposition theorem, Theorem 7, twice. First, we define

a continuous quotient map h from TCN(A)n+   onto X.  Secondly, we define

a homeomorphism  0 from T into N(A)n + 1. The map 0: T — 0(7/) has an im-

portant property: For each x e X there is a z e/(r)"+1, z has at most «

rational coordinates, such that 0 maps the set h~ (x)   onto the set

(Pn+lrHz).

For each x eX we can use this property to determine a z e /(r)n+1. We

denote this correspondence q: X —» j(r)n + l. Since í¿>     (x)|x eX¡ ¡sa par-

tition of T and 6: T — 6(T) is one-one with the property above, we can

easily see that q is one-one  and well defined. Also, since 0 takes each

set h~l(x) onto a set (pn + l)~1(z) we can see that 6(T) is a (p" + 1)-inverse

set, i.e., (p"+1)-y+1(0(D) = 0(7/).

The situation we now have is best described with the aid of Figure 1.

In the figure we see the maps pn+ , h, 0, and q as we have discussed above.

MA)

?=pn+1/_1

Figure 1

The map / is defined as the composition map h(0~ ). Since 0 is a homeo-

morphism, and, h is continuous and quotient, we see that / is a continuous

quotient map. Further, since p is perfect we know that pn+    is perfect.

Thus, since 0(T) is a (pn+ )-inverse set, pn+    restricted to 6(T) is a

closed map.   Hence, we can make an easy application of Theorem 3 to show

that q = pn+ f~    is a homeomorphism.

6. Lemmas for the decomposition theorem. We will prove Theorem 7

with an induction argument based on the index i = 1, 2,....  However, before
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the inductive step can be set up we must introduce some new concepts and

prove a few intermediate results.

Lemma 1. Let n e {-1, 0, 1, • • • }. Let Y be a closed subspace of X of

dimension < n, and let Z be an open subset of X such that Y C Z. Let II'

= \U | a e A\ be a locally finite open cover of X.  Then there is an open cov-

er 11 = {{/J a e A\ of X which precisely refines 11', and an open set G, Y

CGCcl(G)C Z, such that for each a e A, U'a - Ua C cl (G). Also, each

point of cl(G) meets Ua for at most n + 1 of the a e A.

Proof. Let B = \a e A\U'a C\Y 40\. Then {U^a e B\ is a locally fi-

nite open cover of Y. Hence, there is an open precise refinement 33 = JVa|a. eB]

of \Uj\a e B\ which covers  Y and has the property that ord S3 < n + 1. (We

can use arguments similar to those given in the appendix of Ostrand's paper

[7] to prove the existence of the collection 33.) Now  Y C UíV|V e 33¡ and

we can choose G open such that

YCGCcl(G)c(UiV| VetynZ.

Let Ua= [U'a - cl(G)] u Vafor a e B and  Ua = U'a - cl(G) for a e A - B.

Then clearly U = l(/a|a e A\ and G satisfy the required conditions. □

Let 33 = {v(a)|a e A\ be a locally finite open cover of X. Let k e

11, 2, • • • |. Then 0 is a k-node of 33 if, and only if, there exist distinct cxp

.... a    in A such that

0 = [V(a,)n ... nV(aA)]=[UlV(ß)|ßeA; ß 4 a;,  l<r<k§.

We will denote the collection of ¿-nodes of 33 as  ^ (33). It is clear that

UIQ,(33)|& > 1} is a locally finite collection of pairwise disjoint sets which

covers X.  Also, an important property of these ¿-nodes can be stated as fol-

lows: If x e cl(O) - 0, where 0 e 0^(33), then there is an m < k such that

x e P eQ   (33). We will call this property the nodal closure property and de-

note it by N.CP.

Let % = \FAß e B\ be a collection of sets which precisely refine ® =

ÎGjfi eß|. In this case we say that ^ shrinks ®.  Also, a collection U =

\Uß\ß eB\ puffs-up % in <8 whenever FßCUßC Gß for each fi £ B. Fur-

ther, if FgC Oß fot each ß e B, where l0g|ß eß! is a subcollection of

Uío,(33)|¿ > l! for some locally finite open cover 33 0f X, then the canoni-

cal (%, 33) collection is the open collection ÍGg|fi eßi where Go = V(al)n

... n V(a, ) whenever

F^Or[V(a,)n ... nV(ak)]-[\J{V(y)\ye A; y4ar; l<r<k\\.
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It is clear that when g shrinks a collection of nodes of 33, then g shrinks

the canonical (g, îl) collection.

Lemma 2. Ler 1 < / < n + 1.  Let U be a locally finite open cover of

X of ord < n + 1.  Eor each j let X. be a zero-dimensional subspace of X.

For each j let F. be a closed subset of X such that {\J\0\0 eQ.(ll)i) does

not meet F..   Then there are « + 1 discrete open collections  11,(1),...,

11     ,(1) such that Ufïï(l)|l < j < n + lj covers X and refines 11. Also,

for each j, Ucl [U (1)1 n E. = 0 and B{U) n X. = 0 for all U £ Tl .(1).  Fur-

ther, if 11 = \Ua\a £A\, then for each j: K(ü.(l)) < N(A) [K(U (l)) < Kn]

whenever A  is infinite [finite].

Proof. Let  1 < k < n + 1 and  1 < / < n + 1. For j < k we suppose that

the desired collections 11 (1) have been defined such that %{k) = ^J{XL .(l)|

j < k\ covers all the nodes of 11 of order less than k. Now if Q - X -

\J\U\U £ SB(A)1, then it follows from the N.C.P. that g = \0 n Q\0 £ Dfe(U)}

is a discrete closed collection.  This closed collection  y" shrinks the open

canonical (%, XL) collection. We call this canonical collection ®. Then by

collectionwise normality of X, zero-dimensionality of X, , and the fact that

E^ n {ij\0\0 £ Dfe(1l)i) =0, there is a discrete open collection 1LQ) which

puffs-up g in ® such that U e 11^(1) implies that cl(U) nFk=0 and B(U)

n X   =0. Thus ttfe(l) has been constructed using 11.(1), / < k, and there-

fore the induction step is complete. The properties of Hjil),..., U +i(l)

clearly follow. □

If n £ [0, 1, • • • Î, then Fj,..., Fn   ., being closed subsets of X, sat-

isfy the property  P(n - 1) whenever dim(E     D • • • D E. ) <n - k for dis-
* 1 i k

tinct /',,.... /',.  In addition to the property  P(n - 1) we will need the def-

inition of separated collection.  Let 9t = 1AÜ/3 £ B\ be a collection of subsets

of X.  Then  ÏI is a separated collection whenever each pair of sets in 31

is separated, i.e.,

[cl{Nß)n Ny]u[Nßncl{Ny)] = 0   for ß, y £ B with ß ± y.

Since (X, d) is metric we can see that a locally finite separated collection

ÎI can be puffed-up to a pairwise disjoint open collection. (If

Mß = \x£X\d{x, Nß)<d{x,\J\cl{Ny)\y4ß;ye B\)\,

then M = ÍAlJ/3 £ B] is the desired collection.)

Lemma 3.  Let n £{0, 1, • • • I and let F be a closed n-dimensional sub-

space of X.   Let F.,..., F     .be closed subsets of F which satisfy
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P(n - l). Let 33' be a locally finite open cover of X indexed on A.  Then

there is a locally finite open collection 11 refining 33   and covering X such

that K(U) < X(A) [K(U) < K0] when A is infinite [finite];

(10) F C int(UfO|0 e D.(U); 1 < / < n + 1|) where int = interior; and

(11) for each j, 1 <;'<«+ 1, F. C X - UfO|0 e 0.(11)1.

Proof. Let n = 0. In this case we can apply Lemma 1 with U  = 33 , Z

= X, and Y = F.  Thus the first step in the induction proof is complete. We

now suppose that the statement is true for n - 1, where n > 0, and proceed

to show that it is true for n. To begin, we let H = F, U • •• U F    .  and for

each /, K ; < n, we let H. = \J\F. n F,\j < k < n + 1}. Then H is an (n - 1>
7 * 7

dimensional closed subspace of X.  Also, //.,..., H    ate closed subsets of
* in

H which satisfy P(n - 2). Further, 33   is a locally finite open cover of X

indexed on A.  Therefore, by the inductive hypothesis, there is a locally fi-

nite open collection 52 refining S3   and covering X such that N(52) < X(A)

[N(5B) < Kn] when A is infinite [finite!;

(12) /7Cint(lJiO|0 eD.(S); ;'<«}); and

(13) for each /, 1 < ; < n, H. C X - UiO|0 e0y(5S)|.

Let S, 1 < /< « + 1, be the collection \Or\F.\0 e D (8)}. Then ft =

(J|ft |1 < / < n + l| is a separated collection which is locally finite. (The

proof of this fact is given below.) For conciseness of notation we now index

ft as {Na\ß e B\. Since ft is a locally finite separated collection there is a

pairwise disjoint open collection 1 = \Mß\ß e B\ such that ft shrinks ffl. We

let \Gß\ß eB\ be the canonical (ft, 32) collection. Then \Gß\ß eßi is a

locally finite open collection and ft shrinks {GJfi e BJ. We define an open

collection £ = |LJfi e B\. Let fi e B be fixed and suppose 0 n F. = Nß e

ft. for some / c|l,..., n + 1\. Then we define

Lß = [Mß nGßn int(\J\0\0 e Qk(W); k < «!)]

-[Ui^l* > /! U UíP|Pe 0t(8); ¿ < ;}]•

Now Q is an open collection and ft shrinks  C. (The proof of the fact is

given below.) Obviously, we can see that X(Q) < K(A) [K(Z) < HQ] when A

is infinite [finite]. We let U' = 1 uG. Since C shrinks |Gg|fi e B\ we see

that C is a locally finite refinement of S. Since Q refines 22 and ™ refines

33   we see that U   refines S3 . It is also clear that U   is a locally finite

open cover of X, and that U   can be indexed on a set S such that N(5) <

X(A) [X(5) < Nq] when A is infinite [finite]. To complete the proof we show

that U' has the property (11), and, then we modify U   outside of UiF.|l <

/ < n + l| to obtain U which has both properties (10) and (11). (The proof
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that U   satisfies (11) is given below.) Now we modify 11 .  To do this we

make use of Lemma 1: Using (12) and the fact that 0  is a pairwise disjoint

collection we can show that

H C int ((J i 01 0 e £ .(11'); 1 < / < „ + lj).

We choose an open set D such that

HCDCcl(D)Cint(UiO|OeO(ir); l</<«+ H).

Let  Y = F n{X- D)  and let Z  = X - H, then Visa closed subset of the

open set Z and dim Y < n.  Then using U   as we have already computed,

and indexed on the set S, we can apply Lemma 1 to obtain the desired U.

Thus, it only remains to prove the three statements that we alluded to above:

Proof that 51 is a separated collection.  To see this we suppose that 0

HE. and P n Fk are distinct members of 51. First, we note that

(0 n E.) n cl(P n F.) c (0 n F.) n cl(P) n F. c (oncl(P)) n F, n F..
1 K ] k K J

If /'= k, then since OflF. and P O Efe are distinct we see that 0 and P

must be distinct members of 9.(38) = 9^(28).  Consequently, these nodes are

disjoint and we can use the N. C. P. in this case to show 0 n cl(P) = 0. If

j 4 k, then

(0 n cl(P)) nFkn F. COn cl{P)n Hf    where r= minU, j\.

If j < k, then we can use r - /, 0 e D .(22) and (13) to show 0 n Hr = 0. Ii

k < j, then we can use P £ D&(32) and 0 £ 9 .(38) and the N.C.P. to show that

0 n cl (P) = 0. Thus we have exhausted all cases and we see that 51 is sep-

arated.

Proof that Q is an open collection and that 51 shrinks Q. Since for each

k > j, On F.nFkC 0 n H.,v/e can apply (13) to see that UiFj k > j]

and No= 0 O F. are disjoint. Also, we can use the N.C.P. to show that

UiP|P £ 9^(28); A < /'! is a closed set, and, we can use the definition of 51.

to show that this set and No ate disjoint.

Proof that 11   satisfies (11). To see that for each /, !</<«+ I,

E.CX-UiO|OeD.(u')i.

we let 0 e 9.(11 ) and suppose x £ 0 OF.. Since Q is a pairwise disjoint

collection we see that either x £ P £ 0.(38) or x e P e S._j(28) whenever

x £ 0 £ Q .(11 ). Using this we can conclude that in either case there is an

Lß £ Q  such that x e P n L^ n P., First, if P £ 9 .(38), then x is in a (/ + 1>

node of U . But this is absurd since x is in the /'-node  0 of U . Secondly,
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we suppose that P £ 9fe(52) where / - 1 » k < /.  Then, we can use x £ Lß n P

and & < ; to show that an index j(L A < j was used in the definition of this

particular L», However, with this index and the definition of Lo, we can see

that L» n F. = 0. Since we have run out of cases we conclude that for each

;', 1 </'<«+ 1, the /'-nodes of U   miss F.. D

Lemma 4.  Let n, X, and X., 1 < j < n + 1, be as in the hypothesis of

Theorem 7. Let ^ be an open cover of X. For each j, 1 < /' < n+ I, let 58.

be a decomposition of  X such that N(22.)< t and lord 22. < 2. Also, let

Bdry SBj,.. ., Bdry 28n+1 satisfy P{n - 1).  For each j let

BàtV%. = iJ\F\F£%.\,       X(g.)<r,

where %. is a discrete closed collection which shrinks an open collection

<3..   Then for each j, 1 < ; < « + 1, there are three discrete collections 11 (r),

1 < r < 3, such that

\lr\J\llir)\l<r<3\

is a decomposition of X, K(11.) < r, and 11 .(/•) O 11 is) = 0 whenever r4 s.

In addition, the following properties hold:

(14) for each j, 1 < /' < n + 1, lord 11. < 2;

(15) for each j, 1 < j < n + l,\cl{U)\U £ K.{1)\ refines 8 and U{U(1)|

1 < /' < n + lj covers X;

(16) if x £ Bdry U. for some j £ [1,..., n + 1\, then there exist distinct

members  U v U2 ell. such that x £ B(U y) n B(U2);

(17) for each j, 1 </'<«+ 1, H- covers X.;

(18) for each j, 1 </'<»+ 1, Bdry 11. n Bdry 22. = 0;

(19) for each j, I < / < n + 1, U .(1) U U .(3) refines 28 .;

(20) /or each /', 1 </'<«+ 1, U-(l) U U(2) z's a discrete collection; and

(21) /or eacÄ /', 1 </'<«+ 1, Uy(2) puffs-up %. in @. and cl[U .(2)]

shrinks ®..
;

Proof.  First, we mention that property (16)  is sort of an add-on property.

By this we mean that if U., 1 < / < »+ 1, were constructed having all corre-

sponding properties except (16), then we could modify each 11. to obtain the

desired U.. More precisely, let /' £{!,..., n + 1\ and r ejl, 2, 3i   be fixed.

Then U £ 11 (r) whenever there is a (/   £ U'.(r) such that

U= X-Uicl(V)| Veil); V¿W\.

If U and U   correspond in this manner, then we can show that cl ((_/)= cl((7 ),

U' C U, and B(U) C B(U'). With this and the properties of. 11'   1 < /< n + 1,
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we can show that the decompositions

11.= 11.(1) U 11.(2) U 11.(3),        !</<•+1,
7 7 7 7 -     -

have all the required properties. Thus, we can ignore (16) in the following

construction.

To begin this construction, we set up an application of Lemma 3. For

this, we let F = X, Bdry SB. = F. for 1 </'<»+ 1, and S3' be a locally fi-

nite open cover of X indexed on A  such that |cl(V)|V £ 33 } refines 33. Con-

sequently, we obtain the resultant U, N(U)< N(A), which satisfies (10) and

(11). We can use these properties and the fact that F = X to apply Lemma 2.

We place primes on these new discrete collections, i.e., we obtain U (1), 1

< ;' < n + 1. We now let / e {1,...,«+ 1} and define

11.(1) = jl/n W\UeU'.(l); We l.|.
; 77

(Note N(U.(1)) < N(A).) The properties of  11.', I < / < «+ 1, show that each

11.(1) is discrete and Bdry H;.(l) n X. = 0. Also, since Ucltll/1)] n

(UIf|F e $.}) =0 fot each /, and, since each ,J. is a discrete closed col-

lection, we can puff-up !f|F € § ! in ® ■ to a discrete open collection 11.(2)

suchthat cl[U.(2)]  shrinks ©   and (Ucl[1ly(l)]) n (lJcl[U/2)]) = 0. Fur-

ther, since X. is zero-dimensional we can assume that  U e 11 .(2) implies

that B(U)n X.= 0. (Note K(11.(2)) < N(A).) For each ;, 1 </'<»+ 1, we

let R. = UcltUXDl and S. = UcltU/2)].  For each ;, 1 < /< 8+ 1, we let

U.(3)=|[X-(R.U S.)] niy| WeS.J.

(Note N(ÏL(3)) < N(A).) All the properties, except (16), now clearly follow

from the constructions and the remarks above. From the statements at the

beginning of the proof we conclude that we are finished. G

Proof of the decomposition theorem (Theorem 7). The proof is by induc-

tion on the index i.  For i = 1 we can apply Lemma 2: Let 11 be a locally

finite open cover of X such that mesh 11 < 1, K(1l) < X(A), and ord 11 < n + 1.

Let Fj =• ..= Fn+1 = 0. Thus, we obtain U.(l), 1 < /< « + 1. We let

l1/= 11.(1) u)X-(lJcl[1l.(l)])}

for 1 < / < «+ 1. The properties (5),,..., (9)j are vacuously satisfied.

Properties (l)j, (2)j, and (4)j follow easily from the properties of 11.(1),

* 5 /£ n + *• Property (3)j can be obtained if we modify each 52j. ]n the

same way that 11. was modified to obtain U. in the proof of Lemma 4.
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Moreover, since the modification does not affect the truth of (l)j, (2)j, (4)j,

(5)j,..., (9)j we conclude that the collections 58,., I </<»+ 1, have been

constructed.   (Note X(22j.)< K(A) since A is infinite.)

Now suppose that 58fe., 1 < j <n+ 1 and k < i— 1, have been constructed.

We will construct 28¿., 1 < j < n + 1, with properties (1)¿,..., (9)¿. To do

this we will make an application of Lemma 4. First, we let S be an open

cover of X of mesh less than (1/z). Then we define

22. = |W1 n-.- n W._j| Wfe e 22   ; l<A<i- 1|   for 1 </'<«+ L

We can see that each 28. is a decomposition of X such that K(28.) < r,

lord 58. < 2, and

(*) Bdry 22. = (J {Bdry \ .\ 1 < k < i - 1 }.

Thus, using (4)fe, 1 < k < i- 1, we can show that  Bdry 58j,... , Bdry 58    .

satisfy Pin - 1).  For 1 </'<«+ 1 we let

^.^\B{W1) nBiW2)\W14W2; W v W2e%k. for some k<i-l\.

We can use (3)fe, 1 < k< i- 1, and (*) to show Bdry 28. = UiF|F eg.}. For

each k, 1 < k < i - 1, we can use (1).   to show that

\B(W1)nB{W2)\Wl^W2; VvW2e\j\

is a discrete collection. Then we can use (5),, 1 < k < z — 1, to show that

for each /', l</<n+l,g. is a discrete collection. (Note  N(g.) < r.) Now

we can define the collections ®., 1 </'<«+ 1: Let k be a member of

{1,..., z- li.   Let,F eg. be fixed, where F = B(Wj) n B{V/2) with Wv W2

e3Sfey. Using (6);_j  ii k= i- 1, or (7)¿_j  and (9)¿_ j  if *.<<- 1, we can

show that there is a unique collection of open sets

\W \1 <T<i- 1;  r4 k;  W e 22 J
r '     —    — '      r        r;

whose intersection contains F.  Also, since lord 32, . < 2 there is an open

set H such that F C tí and tí meets at most two members of 22,., We let

G{F) = tí nG.(F)n(níW.| 1 <r<z- 1;  r/ k; W^el^.j).

Now for each /', 1< /' <n + 1, we define ®. = !G(F)|F eg.}. Clearly each g.

shrinks ®.. Now we can apply Lemma 4 and, consequently, we can define

28¿y » U., 1 < / < n + 1. Using (14),.... (21) we can easily show that 28.
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1 < j < n + 1, satisfies all the requirements for the z'th collections, e.g., (15)

and (19) imply (2).. Since this completes the induction step we see that the

proof is finished. Ü

7. The maps /; and 0. Throughout this section we let X be an »2-dimen-

sional metric space, n > 0, of infinite weight r= N(A).  We suppose that

A=\J\A..\i>l;  l</<«+ Ü

is a partition of A into sets A., such that for all i and all /', N(A) = X(A..).

Then for our particular X we can choose zero-dimensional subspaces X.,

1 < /'< rz + 1, and apply Theorem 7. Consequently, we obtain the decompo-

sitions S   ={W(a )|af. eA..\.

Let a e/V(A)"+1. Then a consists of n+ 1 sequences a' = |a..|¿>

^' 1 - ]'S n + *> where a' is the ;'th component of a. We will denote a by

I ex..} where it is understood that z> 1 and !</<»+ 1.

With this notation and the decompositions we can define T C /V(A)"+1

and h: T —» X as follows: a = ¡a;.} e T if, and only if,

Ma)=nicl(W(a..))|z>l;  1 </'<« + U4 0-

Since each 32.. is a decomposition of X we can use (2)., i > 1, to show that

h is well defined.

Theorem 8.  The map h: T —» X is a continuous quotient map.

Proof.  First we show that h is continuous: Let a = |afe.} e T. Suppose

we say that fi = Iß. .j e T is z'-close to a if there is an z such that for each

/, !</<«+ 1, altj - ßk ■ fot 1 < k < i. From (2). we can easily show that

the distance between h(a) and h(ß) is less than  l/z whenever a and fi

are z'-close. Thus, the continuity of h is obvious.

We now show that h is quotient: To see this we suppose h~   (Q) is

open. It suffices to show that Q is open. Let x e Q. We construct a neigh-

borhood of x which is contained in Q.  Let a e h~  (x). Then we denote the

basic open set in N(A)n+l of the form

(an, ... ,an) u •••Il(a1„+1.a¿n+1>

by (<*,-■) • We can choose i large enough so that if there is a /', 1 < /' < n +

1, such that x e Bdry 32. ., then k< i.  Further, since h~l(x) is a finite set

and h~  (Q) is open we can assume that z is large enough so that

U(a:7)|a eh-\x)\Ch~l(Q). We let
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V = [fHw|xeWe 8   ; 1 < k < i and 1 < /< «+ 1}]

n[Ulcl(W)|xeB(W);  We»   ;  1 < A < z and !</'<«+ ifl.

Then we can use the properties stated in Theorem 7, together with the fact

that y eV and M/S) = y implies /3 eUí(a¿.)|a e />*" '(x)}, to show that V is

a neighborhood of x which is contained in 0. D

We use these same decompositions to define the map 9. First, however,

we will need the concepts of last ancestor and 720 ancestor: Let /' € {1,...,

n + 1} be fixed. Let  ak. e A, . for A = 1,..., z, be such that

flicl {W{ak.))\k = 1,..., r'| 4 0. If W(aif) n Bdry 22¿. =0 for each A < z,

then  ct.. is said to have no ancestor.  Otherwise, by properties (3)¿,. A < z,

and (7)¿ there is a unique r < i and a unique jS . e Arj. such that ß . ^ a .

and W(ar) O B(W(ar.)) n B(W(j8 .)) ^ 0; this j8 . is called the lsi-awcesror

of a., with respect to  a..,..., a(¿_n/. The 2nd-ancestor of a... with re-

spect to a. .,..., ct,._j.. is defined to be the lst-ancestor of ß. with re-

spect to  a, .,..., a, _ j,.. The process of determining ancestors of a., ter-

minates after at most i — 1 steps, and the final ancestor determined is called

the last ancestor oí ct¿. with respect to ctj-,.... a,._j...

Now we define the map 9: Let a = let..} e T.  For each i > 1, and each

/', 1 < /' < « + 1, let y-■ = a., if a.   has no ancestor, otherwise, let y.. be

the last ancestor of ex.. with respect to ex..,.... ex,.^,.. We call this cor-

respondence 9: T — N(A)"+1, i.e., 0(a) = 6>(ia.yi) = íy¿y¡ = y £ N{A)n+K It

is easy to see that  9 is well defined and continuous.

Lemma 5. For each x = h{a) £ X there is an s e ! 1,.. ., n + 1} and an

infinite number of i £ \l, 2, • • • } such that 9{a)is = a-s, h{a) £ W{a-S), and

dia(W(afs))< 1/z'.

Proof. It is clear that for each i £ jl, 2, « • •} there is a /' ejl,..., n + 1]

such that property (2)¿ holds for x = h{a). Consequently, for x = h{a), there

is at least one /', say /' = s, fot which property (2)¿ holds for an infinite num-

ber of z. By definition of no ancestor it follows that for these i, 6{a).   =
is

ais. The other properties clearly follow, ü

Lemma 6.  Let a, ß e T with ars 4 ßrs where r e jl, 2, • • • } and s e

Il.n+ 1}.  Suppose i = r + 1 and h{a), h{ß) £W £%.s and 0¿

BiVia)) n B{W{ß   )) C W.   Then (9(a).   4 Biß). .
TS TS IS '       t S

Proof. Since h(a), h{ß) e W e 52 .^ it follows that ais = ßis, and since

0¿ B{W{ars)) n B{W{ßrs)) C W, fot a?s 4 ßrs, it follows that ßrs is the

lst-ancestor of a.s (relative als,.... ars) and that ars is the lst-ancestor



IMBEDDING FINITE-DIMENSIONAL METRIC SPACES 157

of ßis (relative ßls,. . •, ßrs).   Property (6)r shows that either afs or ßTS

has no ancestor. It follows, by definition of 0, that 0(a)¿s 4 d(ß)is. Q

Theorem 9. The map 6: T —• 0(T) C N(A)n + l  is a homeomorphism.

Proof. We only need to show that 0 is one-one and that  0~     is contin-

uous.  First, we show that 0 is one-one: Let  a, fi £ T and assume that

a    4 ß     for some r and some s. Suppose that h(a) = h(ß). Then

A (a) = h(ß) e B(W(ars)) n B(W(ßrs)) 4 0

and we can use (8)¿ for i = r + 1 to see that there is a W e 52 .^ such that

B(lKars)) n B(W(ßrs))CW.  By Lemma 6 we see that d(a)is 4 d(ß)is- We

can now suppose that h(a) 4 h(ß). Then by Lemma 5 there is an s e

I 1,..., n + l\ and an infinite number of z ell, 2, • • • i such that 0(a).   =

a.s, h(a) e W(ais), and dia(W(a.s)) < l/i. Since h(a) 4 h(ß) we know that

these points are some distance e apart. If we take i such that (l/i) <

(e/2), Ma) e W(a.s), e(a)fJ = a{s, and dia GKa^)) < l/i, then Mß) /

cl(W(a.s)) and, consequently, d(a\s 4 d(ß)is.

Secondly, we show that 0~    is continuous: Let a eT and m e ¡1, 2,

••• i. We show that there is a &(m) such that whenever 0(a).. = 6(ß).., 1 <

z < &(m) and  1 < ; < n + 1, then  a.. = fi.. for  1 < i < m and   1 < / < 8 + 1.

We assume, without loss of generality, that if h(a) e B(W(a   )) fot some r

and some s, then   r < m.  Now consider

G=C\{W(a.)\l<i<m,  l</<»+l, and ¿(a) e W(a  )j.

Then G is open and A(a) e G implies, if we use Lemma 5, that there is an

s e|l,..., n + l\ and a k(m) = r > m such that &(<x)rs = a     and h(a) e

W(ars) C cl(W(ars)) C G. If d(a\s = 6(ß\s = ars, then ßr "= afJ and we

see that Mß) e cl (lV(ars.)) C G.  Consequently, ßr = a., for 1 < i < wí and

1 5 /' < n + 1| except possibly for those pairs in |(z, j)\h(a) e B(lV(a..))!. How-

ever, if we assume that a^ 4 ßuv tot (u, v) in this set, then we could con-

tradict &(a)iv = 0(ß)iv fot i = u + 1 < m < k(m). (Indeed, suppose  a^ 4 ß    .

Now i > u and (5)¿ show h(a) e W(aiv) e 32¡v> Then i < m, h(a) e W(a .J

and h(ß) e G show h(ß) e W(a.v). Thus h(a) e B(W{auv)), (3)u and (7)f

can be used to show

B(W(a    )) OB(lV(fi    ))4 0.
uv '   uv ^

Further, (9). shows
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0¿B{W(a    ))nB{W(ß   ))c Via. ) e SB. ,

and an obvious application of Lemma 6 would then show that 0(a).   ¿ 9{ß). .)

Thus we see that 9~    is continuous. □

We have defined R to be an equivalence relation in N(A). But now how-

ever, we are concerned with N(A)"i'1, and we will let for y, 8 £ N(A)"*1,

y R 8 mean that for every /', 1 < / < n + 1, the /'th components of y and 8 ate

R -related.

Lemma 7. Le< R, 0, and T be defined as above.  Let x = k{a). Then

0(a)/? y implies there is a ß e /)_1(x) sz/cA //>«< 0(/3) = y.

Proof. First, suppose that we can prove the statement for the case where

0(a) and y differ at exactly one of the /'th components, / £ Í1,..., n + 1}.

Then for the case where 0(a) and y differ at exactly two of the /th compon-

ents, we could obtain a 8 e/V(A)"+1, 8 R 0(a) and 8 R y, that differs from 0(a)

at one of these components and that differs from y at the other, while agree-

ing with 0(a) and y on the remaining components. We can then apply the

first case twice to obtain the desired ß £ T such that 0(j8) = y.

The general case follows by a similar induction argument. Hence, we

assume that 0(a) and y differ at exactly one component /' e{l,..., n + l\.

To prove this case we will show below that there is a unique r £ {1, 2, • • « }

and a unique e .  e A . such that e • 4 a ., and

(22) B(W(a .)) n B{W{e .)) = f) lcl(W(a..)) | i > 1}.
rj rj i)    '    —

From this it follows that Ma) e Bdry 32 .. Then we can define ß: It i £

(il, 2,... \~{r\) or s e (!l, 2,...}- {/'}) we let ßis = a{s, and, for i = r

and s = /' we let ß ■   = ß ■ = ( ..  From (22) and the definitions of T and h
1 '  îs      ^rj        rj

we can see that ß £ T and that h{ß) = h{a).

With this result, we can use an argument which has the flavor of the one

used in the proof of Lemma 6 to show that the /th components of 0(a) and

9{ß) ate unequal but R-related. It will then follow that 9{ß) = y. With these

remarks it will thus suffice to show that (22) is true for a unique r and a

unique t... To see this we let A be an arbitrary integer greater than the tail

index of the /'th component of 0(a), and, we let £ . be the unique lst-ances-

tor of ak- with respect to a, ....., a(^_j\y. (Now a., has a lst-ancestor:

Suppose otherwise. Then 9{a)y. = ak- and it would then follow, since the»

tail of 10(a).|z > 1} is constant and A is greater than the tail index of

{0(a)..|z > 1}, that  a, . is the last ancestor of a... whenever i > A.  But from
i] '  —     ' ft; 'i

the definition of an ancestor of a.. relative to a, ....., a.._,.. we can
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infer that any ancestor of a., is not a member of la.,..., a(¿_i ).-!•) Thus

r < k, and we can use this and (8)^ to show

(23) B(W(a .)) n B(W(( .)) C vKa, .).

Now let i > A be arbitrary but fixed. As argued above we know that a..

has a lst-ancestor e   . with respect to a,.,..., a,._j... We can show that

m < k.  (If m > k, then, as argued above, a   . has a lst-ancestor relative

(a..,..., a,   _i);). By the definition of f   ■ we can see that

B(W(a   .)) O B(W(e   J) n »(a..) 4 0.
mj mi if     ^

With these two statements we can use (6)    to show that f   • has no ancestor.
m mj

Thus 0(a).. would equal f   . if m>k. But this would contradict 0(a).. =

0(a). . e A   . for u <r < k.) Now, since wi < fe and

(24) B(W(a   .)) nB(W(i   .))CW(a..),
m; m; :;

we can use (7). to show

(25) *V C *•«»•

But then (23), (24), and (25) show that W(afey) contains both B(W,(am.))n

B(W(em/)) and B(W(afj)) n B(lf (if;.)). Thus by (7)fc we see that zzz = r.  There-

fore, since i was arbitrary we have

B(lKa .)) n B(W(f .)) C W(a..)    for all z > Ä.
n rj il -

It follows from (8)i that (22) is true. G

Using the results above we can show that 0 has the following property:

For each x e X there isaze j(r)"+ , z has at most n rational coordinates,

such that 0 maps h~x(x) onto (p"*l)~l(z). To show this we let x e X and

define z = p"+1(0(/>_1(x))). (Clearly z is unique: Suppose h(a) = h(ß) = x.

If 0(aV' 4 6(ß)>, let k = minlz'la.. 4 ßtj\. Then x e B(lV(afc;.)) n B(W(ßkj))

and using an argument similar to the one in the proof of Lemma 6 we can show

that 0(aV and d(ß)1 ate properly related.) Then Lemma 5 and the fact that

Ais O Aks =0 for i 4 k show that there is an s e 11,..., « + l! such that

the 5-component of each element in 6(h~ l(x)) does not have a constant tail.

We can easily see that it follows that the s-component of pn* (d(h~ (x))) = z

is irrational. The onto part of the property follows directly from Lemma 7.
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